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Abstract
We derive thermodynamic product relations for four-parametric regular black
hole (BH) solutions of the Einstein equations coupled with a non-linear electrody-
namics source. The four parameters can be described by the mass (m), charge (q),
dipole moment (α) and quadrupole moment (β) respectively. We study its complete
thermodynamics. We compute different thermodynamic products i.e. area product,
BH temperature product, specific heat product and Komar energy product respec-
tively. Furthermore, we show that some complicated function of horizon areas that
is indeed mass-independent and could turn out to be universal.
1 Introduction
It has been examined that the thermodynamic product for Reissner Nordstrøm (RN) BH,
Kerr BH and Kerr-Newman (KN) BH[1], a simple area product is sufficient to draw a
conclusion that the product of area(or entropy) is an universal quantity. The universal
term is used here to describe when the product of any thermodynamic quantities is simply
mass independent. Alternatively mass-dependent thermodynamic quantities implies that
they are not an universal quantity. This is strictly follow throughout the work.
In case of RN-AdS [2], Kerr-AdS, and KN-AdS BH [3] one can not find a simple area
product relation, instead one could find a complicated function of event horizon(H+) area
and Cauchy horizon area (H−) that might be universal. Very recently, we derived for a
regular Ayo´n-Beato and Garc´ıa BH (ABG) [4] the function of H+ area and H− area is
f(A+,A−) = 384pi
3q6 . (1)
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where the function should read
f(A+,A−) = A+A−(A+ +A−) + 24piq
2A+A− − 256pi
4q8(
A+ +A−
A+A−
)−
A+A+
A+ +A+ + 4piq2
[
(A+ +A−)
2 + 24piq2(A+ +A−)−A+A− −
256pi4q8
A+A−
+ 176pi2q4
]
It indicates a very complicated function of horizons area that turns out to be universal.
But it is not a simple area product of horizon radii as in RN BH, Kerr BH and KN
BH. This has been very popular topic in recent years in the GR(General Relativity)
community [1] as well as in the String community [8] (see also[9, 10, 5, 11, 12]). These
universal relations are particularly interesting because they could hold in a more general
situations like when a BH space-time is perturbed by surrounding matter. For example,
KN BH surrounded by a ring of matter the universal relation does indeed holds [1].
Recently, Page et al.[5] have given a heuristic argument for the universal area product
relation of a four-dimensional adiabatically distorted charged rotating BH. They in fact
showed the product of outer horizon area and inner horizon area could be expressed in
terms of a polynomial function of its charge, angular momenta and inverse sqare root
of cosmological constant. It has been argued by Cveticˇ et al. [8] if the cosmological
parameter is quantized, the product of H+ area and H− area could provide a “looking
glass for probing the microscopis of general BHs”.
However in this work, we would like to evaluate the thermodynamic product formula
for a generalized regular(singularity free) BH described by the four parameters namely,
m, q, α and β [6]. This class of BH is a solution of Einstein equations coupled with a
non-linear electrodynamics source. We examine complete thermodynamic properties of
this BH. We show that some complicated function of physical horizon areas that is indeed
mass-independent but it is not a simple area product as in Kerr BH or KN BH. We also
compute the specific heat to examine the thermodynamic stability of the BH. Finally we
compute the Komar energy of this BH.
It should be noted that Smarr’s mass formula and Bose-Dadhich identity do not hold
for α = 3 and β = 3 when one has taken into account the non-linear electrodynamics [14,
15, 16, 17]. It also should be mentioned that for some regular BHs [18], once the entropy is
taken to be the Bekenstein-Hawking entropy [20, 21] the first law of BH thermodynamics
is no longer established because there is an inconsistency between the conventional 1st
law of BH mechanics and Bekenstein-Hawking area law. The authors [18] also showed
that the corrected form of the first law of BH thermodynamics for these class of regular
BHs. We should expect this is also true for regular ABG BH and it should be valid for
arbitrary values of α and β.
The plan of the paper is as follows. In Sec. 2, we have described the basic properties
of the generalized regular BH and computed various thermodynamic properties. Finally,
we conclude our discussions in Sec. 3.
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2 Generalized regular BH solution:
The gravitational field around the four parametric regular BH solution is described by
the metric
ds2 = −B(r)dt2 +
dr2
B(r)
+ r2(dθ2 + sin2 θdφ2) . (2)
where the function B(r) is defined by
B(r) = 1−
2mrα−1
(r2 + q2)
α
2
+
q2rβ−2
(r2 + q2)
β
2
. (3)
and the electric field is given by
E(r) = q
[
mα{5r2 − (α− 3)q2}rα−1
(r2 + q2)
α
2
+2
+
{4r4 − (7β − 8)q2r2 + (β − 1)(β − 4)4}r
β
2
4(r2 + q2)
β
2
+2
]
.(4)
where the parameters are described previously. This is a class of regular(curvature free)
BH solution in GR. The source is a non-linear electrodynamics. In the weak field limits
the non-linear electrodynamics becomes Maxwell field.
In the asymptotic limit, the above solution behaves as
− gtt = 1−
2m
r
+
q2
r2
+ α
mq2
r3
− β
q4
2r4
+O
(
1
r5
)
, (5)
E(r) =
q
r2
+ α
5m
2r3
− β
9q3
4r4
+O
(
1
r5
)
. (6)
It may be noted that up to O
(
1
r3
)
, we recover the charged BH behavior and the param-
eters m and q are related to the mass and charges respectively. From the electric field
behavior we can say that α and β are associated to the electric dipole moment and electric
quadrupole moments respectively. It also should be noted that in the limit α = β = 0, we
obtain the RN BH and in the limit α = 3 and β = 4, we recover the ABG BH. This BH
solution can be treated as a generalization of ABG BH [7]. The above metric as well as
the scalar invariants R,RabR
ab, RabcdR
abcd and the electric field are regular everywhere in
the space-time. Hence, in this sense it is called a regular BH in Einstein-Maxwell gravity.
The first regular model is discovered by Bardeen [19] in 1968.
The BH horizons can be obtain by setting B(r) = 0 i.e.
(r2 + q2)
α+β
2 − 2mrα−1(r2 + q2)
β
2 + q2rβ−2(r2 + q2)
α
2 = 0. (7)
In this work we restrict our case α ≥ 3 and β ≥ 4.
Case-I
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We have set α = 4 and β = 5. In this case the horizon equation is found to be
r10 − 2mr9 + (4m2 + 5q2)r8 − 6mq2r7 + (4m2q2 + 9q4)r6 − 6mq4r5+
10q6r4 − 2mq6r3 + 5q8r2 + q10 = 0 . (8)
To finding the roots we apply the Vieta’s theorem, we find
10∑
i=1
ri = 2m . (9)
∑
1≤i<j≤10
rirj = 4m
2 + 5q2 . (10)
∑
1≤i<j<k≤10
rirjrk = 6mq
2 . (11)
∑
1≤i<j<k<l≤10
rirjrkrl = 4m
2q2 + 9q4 . (12)
∑
1≤i<j<k<l<p≤10
rirjrkrlrp = 6mq
4 . (13)
∑
1≤i<j<k<l<p<s≤10
rirjrkrlrprs = 10q
6 . (14)
∑
1≤i<j<k<l<p<s<t≤10
rirjrkrlrprsrt = 2mq
6 . (15)
∑
1≤i<j<k<l<p<s<t<u≤10
rirjrkrlrprsrtru = 5q
8 . (16)
10∏
i=1
ri = q
10 (17)
4
Eliminating mass parameter we find the following set of equations:
∑
1≤i<j≤10
rirj −
(
10∑
i=1
ri
)2
= 5q2 . (18)
∑
1≤i<j<k≤10
rirjrk = 3q
2
10∑
i=1
ri . (19)
∑
1≤i<j<k<l≤10
rirjrkrl − q
2
(
10∑
i=1
ri
)2
= 9q4 . (20)
∑
1≤i<j<k<l<p≤10
rirjrkrlrp = 3q
4
10∑
i=1
ri . (21)
∑
1≤i<j<k<l<p<s<t≤10
rirjrkrlrprsrt = q
6
10∑
i=1
ri . (22)
(23)
Eliminating further finally we find the following mass independent relations:∑
1≤i<j<k<l≤10
rirjrkrl − q
2
∑
1≤i<j≤10
rirj = 4q
4 . (24)
3
∑
1≤i<j<k<l<p<s<t≤10
rirjrkrlrprsrt = q
2
∑
1≤i<j<k<l<p≤10
rirjrkrlrp . (25)
∑
1≤i<j<k<l<p<s≤10
rirjrkrlrprs = 10q
6 . (26)
∑
1≤i<j<k<l<p<s<t<u≤10
rirjrkrlrprsrtru = 5q
8 . (27)
10∏
i=1
ri = q
10 (28)
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In terms of area Ai = 4pir
2
i , the mass-independent relations are∑
1≤i<j<k<l≤10
√
AiAjAkAl − 4piq
2
∑
1≤i<j≤10
√
AiAj = (8piq
2)2 . (29)
3
∑
1≤i<j<k<l<p<s<t≤10
√
AiAjAkAlApAsAt = 4piq
2
∑
1≤i<j<k<l<p≤10
√
AiAjAkAlAp .
∑
1≤i<j<k<l<p<s≤10
√
AiAjAkAlApAs = 640pi
3q6 . (30)
∑
1≤i<j<k<l<p<s<t<u≤10
√
AiAjAkAlApAsAtAu = 1280pi
4q8 . (31)
10∏
i=1
√
Ai = (4piq
2)5 . (32)
From this relation one can obtain the mass-independent entropy relation by substituting
Ai = 4Si. Thus the mass-independent complicated function of horizon areas that we have
found could turn out to be an universal quantity.
Case-II
Now we have set α = 5 and β = 6. In this case the horizon equation is given by
r12 − (4m2 − 8q2)r10 − (4m2q2 − 22q4)r8 + 26q6r6 + 17q8r4 + 6q10r2 + q12 = 0 .
Let us put r2 = x then the equation reduces to sixth order polynomial equation:
x6 − (4m2 − 8q2)x5 − (4m2q2 − 22q4)x4 + 26q6x3 + 17q8x2 + 6q10x+ q12 = 0 .
Again we apply the Vieta’s theorem, we get
6∑
i=1
xi = 4m
2 − 8q2 . (33)
∑
1≤i<j≤6
xixj = 22q
4 − 4m2q2 . (34)
∑
1≤i<j<k≤6
xixjxk = −26q
6 . (35)
∑
1≤i<j<k<l≤6
xixjxkxl = 17q
8 . (36)
∑
1≤i<j<k<l<p≤6
xixjxkxlxp = −6q
10 . (37)
6∏
i=1
xi = q
12 . (38)
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Eliminating mass parameter, we obtain the mass-independent relation:
∑
1≤i<j≤6
xixj + q
2
6∑
i=1
xi = 14q
4 . (39)
∑
1≤i<j<k≤6
xixjxk = −26q
6 . (40)
∑
1≤i<j<k<l≤6
xixjxkxl = 17q
8 . (41)
∑
1≤i<j<k<l<p≤6
xixjxkxlxp = −6q
10 . (42)
6∏
i=1
xi = q
12 . (43)
In terms of area Ai = 4pir
2
i = 4pixi the above mass-independent relation could be written
as
∑
1≤i<j≤6
AiAj + 4piq
2
6∑
i=1
Ai = 14(4piq
2)2 . (44)
∑
1≤i<j<k≤6
AiAjAk = −26(4piq
2)3 . (45)
∑
1≤i<j<k<l≤6
AiAjAkAl = 17(4piq
2)4 . (46)
∑
1≤i<j<k<l<p≤6
AiAjAkAlAp = −6(4piq
2)5 . (47)
6∏
i=1
Ai = (4piq
2)6 . (48)
Again we have found mass-independent complicated function of horizon areas that could
turn out to be universal in nature.
Case-III
Now we have set α = 4 and β = 6. In this case the horizon equation is
r10 − 2mr9 + 6q2r8 − 6mq2r7 + 12q4r6 − 6mq4r5+
11q6r4 − 2mq6r3 + 5q8r2 + q10 = 0 . (49)
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Again we apply the Vieta’s theorem, we get
10∑
i=1
ri = 2m . (50)
∑
1≤i<j≤10
rirj = 6q
2 . (51)
∑
1≤i<j<k≤10
rirjrk = 6mq
2 . (52)
∑
1≤i<j<k<l≤10
rirjrkrl = 12q
4 . (53)
∑
1≤i<j<k<l<p≤10
rirjrkrlrp = 6mq
4 . (54)
∑
1≤i<j<k<l<p<s≤10
rirjrkrlrprs = 11q
6 . (55)
∑
1≤i<j<k<l<p<s<t≤10
rirjrkrlrprsrt = 2mq
6 . (56)
∑
1≤i<j<k<l<p<s<t<u≤10
rirjrkrlrprsrtru = 5q
8 . (57)
10∏
i=1
ri = q
10 . (58)
Eliminating mass parameter we have found the following set of mass-independent relation:
3
∑
1≤i<j<k<l<p<s<t≤10
rirjrkrlrprsrt = q
2
∑
1≤i<j<k<l<p≤10
rirjrkrlrp . (59)
∑
1≤i<j≤10
rirj = 6q
2 . (60)
∑
1≤i<j<k<l≤10
rirjrkrl = 12q
4 . (61)
∑
1≤i<j<k<l<p<s≤10
rirjrkrlrprs = 11q
6 . (62)
∑
1≤i<j<k<l<p<s<t<u≤10
rirjrkrlrprsrtru = 5q
8 . (63)
10∏
i=1
ri = q
10 . (64)
If we are working in terms of area then the above mass-independent relation could be
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written as
3
∑
1≤i<j<k<l<p<s<t≤10
√
AiAjAkAlApAsAt = 4piq
2
∑
1≤i<j<k<l<p≤10
√
AiAjAkAlAp .
∑
1≤i<j≤10
√
AiAj = 24piq
2 . (65)
∑
1≤i<j<k<l≤10
√
AiAjAkAl = 3(8piq
2)2 . (66)
∑
1≤i<j<k<l<p<s≤10
√
AiAjAkAlApAs = 11(4piq
2)3 . (67)
∑
1≤i<j<k<l<p<s<t<u≤10
√
AiAjAkAlApAsAtAu = 5(4piq
2)4 . (68)
10∏
i=1
√
Ai = (4piq
2)5 . (69)
Once again these are mass-independent relations that could turn out to be universal. So
on, we can compute different thermodynamic product relations for different values of α
and β which are mass-independent.
The Hawking [21] temperature on Hi reads off
Ti =
κi
2pi
=
1
4pi
[
α
ri
(r2i + q
2)
−
(α− 1)
ri
+
q2(α− β)rβ−1i
(r2i + q
2)
β
2
+1
+
q2(β − α− 1)rβ−2i
(r2i + q
2)
β
2
]
. (70)
It should be noted that the Hawking temperature product is depend on the mass param-
eter and thus it is not an universal quantity.
Another important parameter in BH thermodynamics that determine the thermody-
namic stability of BH is defined by
Ci =
∂m
∂Ti
. (71)
For generalized regular BH, it is found to be
Ci =
(
∂m
∂ri
)
(
∂Ti
∂ri
) (72)
where
∂m
∂ri
=
[
αrαi (r
2
i + q
2)
α
2
−1 − (α− 1)rα−2i (r
2
i + q
2)
α
2
]
2r
2(α−1)
i
+
9
q2
[
(β − α− 1)rβ−α−2i (r
2
i + q
2)
β−α
2 − (β − α)rβ−αi (r
2
i + q
2)
β−α−2
2
]
(r2i + q
2)β−α
(73)
and
∂Ti
∂ri
=
1
4pi
[
α− 1
r2i
−
α(r2i − q
2)
(r2i + q
2)2
+ q2(α− β)
{(β − 1)rβ−2i (r
2
i + q
2)
β
2
+1 − (β + 2)rβi (r
2
i + q
2)
β
2 }
(r2i + q
2)β+2
]
+
1
4pi
[
q2(β − α− 1)
{(β − 2)rβ−3i (r
2
i + q
2)
β
2 − βrβ−1i (r
2
i + q
2)
β
2
−1}
(r2i + q
2)β
]
(74)
The BH undergoes a second order phase transition when ∂Ti
∂ri
= 0. In this case the specific
heat diverges.
Finally, the Komar [13] energy computed at Hi is given by
Ei =
1
2
[
α
r3i
(r2i + q
2)
− (α− 1)ri +
q2(α− β)rβ+1i
(r2i + q
2)
β
2
+1
+
q2(β − α− 1)rβi
(r2i + q
2)
β
2
]
. (75)
In the limit α = 3 and β = 4, one obtains the result of ABG BH.
3 Discussion:
In this work, we examined thermodynamic product relations for generalized regu-
lar(curvature free) BH. Generalized means the BHs represented by the four parameters
i.e. m, q, α and β. We determined different thermodynamic product particularly area
products for different values of α and β. We showed that there are some complicated
function of horizon areas indeed mass-independent that could turn out to be universal.
We also derived the specific heat to determine the thermodynamic stability of the BH.
Finally, we computed the Komar energy for this generalized BH.
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